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Nonlinear dynamics induced in liquid crystals in the presence of the orbital
and spin angular momentum of light
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We studied the dynamical effects induced in a homeotropic nematic film when a normally incident circularly
polarized light beam with an elliptical intensity profile is used. A three-dimensional dynamical model shows
that, besides the spin, the orbital angular momentum of photons also plays a role in the reorientation process.
Our measurements fairly reproduce the main dynamical features predicted by the model in the near threshold
region. The model, however, does not work, as it is, at higher incident laser power where chaotic director
rotation was reported [A. Vella, A. Setaro, B. Piccirillo, E. Santamato, Phys. Rev. E 67, 051704 (2003)].
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Liquid crystals (LCs) are unique optical materials because
of their sensitivity to the angular momentum of light. The
coupling of liquid crystals to the photon spin angular mo-
mentum (SAM) was clearly demonstrated by a series of ex-
periments where homeotropically aligned nematic films were
put into rotation by a circularly polarized laser beam at nor-
mal incidence [1-3]. The photon spin deposited in the me-
dium may lead to complex light-induced dynamics exhibit-
ing a nontrivial sequence of bifurcations [4—6]. Recently, it
was suggested that liquid crystals could be sensitive to the
photon orbital angular momentum (OAM) too [7,8] and a
series of works appeared on this subject [9-12], inspired by
the seminal paper by Allen ef al. [13]. In all these works, the
transfer of the OAM of light to the nematic liquid crystal
(NLC) film was achieved by means of a normally incident
laser beam with elliptical rather than circular intensity pro-
file. The transfer of photon OAM requires light beams hav-
ing a finite noncylindrically symmetric cross section. Light
beams cylindrically symmetric around their propagation axis,
in fact, cannot exchange OAM with transparent media en-
dowed with a smooth refractive index distribution, such as
liquid crystals. With the exception of Ref. [9], where a cir-
cularly polarized beam was used, in all the above-cited
works, concerning the OAM transfer to liquid crystals, lin-
early polarized light was used. Using circular rather than
linear polarization, however, is desirable since the effects
produced by the photon OAM could be highlighted by com-
parison to the dynamical features observed in the case of
pure photon SAM transfer. For example, many experiments
proved that, in the case of a circularly shaped and circularly
polarized incident beam, no stationary states may exist above
the optical Fréedericksz transition (OFT) threshold, whatever
the light intensity is, as one can find in the literature. This is
because as soon as the sample comes to be reoriented, a finite
amount of light SAM is transferred into the medium, produc-
ing an unbalanced overall torque along the beam direction. If
the beam cross section is elliptical, instead, the light OAM
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provides a new source of optical torque that, just above the
reorientation threshold, can balance the SAM transfer, yield-
ing stationary distorted states. Thus, the existence of
stationary-state branches is a distinctive feature of the occur-
rence of photon OAM transfer, when a circularly polarized
incident beam is used. Stationary-state branches may occur
also when a circularly shaped and elliptically polarized beam
is used [14-16]. In this case, in fact, elastic configurations of
the LC can be realized, where the SAM transfer is zero (the
overall effect is just rotating the polarization ellipse axis) and
no azimuthal optical torque is produced. This internal bal-
ancing mechanism of photon SAM transfer is forbidden in
the case of circular polarization. One of the main results for
the present work is the experimental proof of the existence of
such a stationary-state branch, which is also confirmed by a
preliminary three-dimensional (3D) model we worked out
adapting the model reported in Ref. [12] to a circularly po-
larized incident beam. Although our observations provide a
somewhat indirect proof of OAM transfer in LC, we think
this could be valuable as an accurate direct method for mea-
suring the OAM deposited by photons in the sample.

The experimental geometry considered in this work is as
follows: a circularly polarized Gaussian-shaped laser beam
with different waists (1/e” intensity) w, and w, along fixed x
and y directions impinges at normal incidence onto a homeo-
tropically aligned NLC film of thickness L. In our experi-
ments, we used a frequency-doubled Nd: YVO, laser beam
at A=532 nm. The polarization of the beam was made circu-
lar by means of a quarter wave plate, and the beam shape at
the sample position was made elliptical by means of two
cylindrical lenses to have I(x,y) =1, exp[-2(x*/wi+y*/wl)],
where w,=100 um and where w,=10 um. The sample was
a 50 um thick film of E7 NLC from Merck confined by
parallel glass walls coated with DMOAP for homeotropic
strong anchoring. The laser-induced dynamics of the director
n was deduced from the polarization of the outer rings in the
far-field diffraction pattern and, simultaneously, from the di-
ameter of the outmost ring as a function of time. Further
details about the apparatus and the data analysis for recon-
structing the motion of r have been reported elsewhere [17].
Only to study the stationary states just above the OFT thresh-
old (circles in Fig. 1), where the previous technique could
not be applied, we measured the polarization change of a
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FIG. 1. (Color online) The optical phase difference « in unit of
27 as function of the incident power P. O stationary states; A
rotations; L] intermittent states. The shadowed regions represent the
oscillation amplitude of « and the experimental points mark the
oscillation center. The broken line arrows mark the intermittent
states studied in Ref. [1].

circularly polarized He-Ne probe beam copropagating with
the pump.

Our model was based on the Ritz’ method applied to
the total (elastic+optical) free energy F=[,FdV and dissi-
pation function R=[yRdV of the sample, generalizing the
scheme adopted in Ref. [12]. All three space coordinates and
time have been retained and the elastic anisotropy of the
material was also taken into account. The parameters p,(z)
(i=1,...,6) of our model are the maximum tilt angle 6,(z),
the rotation angle (1), the torsion angle ¢,(z), and the three
quantities 6,(z), 6,(z), and ¥(t), characterizing the two semi-
axes and the orientation angle of the € transverse profile,
respectively (for definitions, see Ref. [12]). A set of ODEs
for the dimensionless parameters p;(zr) was obtained by
evaluating the functionals F and R and solving with respect
to the time derivatives p;(r)=dp,/dt the torque equations

(= % = [% (i=1,...,6). The approximations exploited in
the model were the same as in Ref. [12], namely, small LC
elastic distortion, adiabatic propagation of light along the
beam axis only, and uniform polarization in the beam trans-
verse plane. The ODEs of our model have the general form
Pi=A;(p)T;, where A;{(p) is a 6 X 6 matrix. The elastic con-
tributions to the torques 7; are 7; =dF*/ dp;, where the elastic
free energy J* has the form

Fe = FolTo + T1(65° + 679 + To(65% — 6;9)cos[2(y — do) T}

(1)
k330,06, . .
where Fy=——5—— (ks; is the LC elastic constant for bend

distortion) and T, (k=0,1,2) are polynomials in the small
quantities 6, and ¢,. From Eq. (1), we see that the elastic
torques ’Tf/)o and 7, are opposite and given by Teo=—T‘;
=2F,T,(6,> = 6;")sin[2(y— ¢)]. These torques vanish when
y= ¢, i.e., when the average azimuthal angle of the director
n is aligned along the major axis of the transverse 6 distri-
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bution. The elastic torques beo and 77, are internal to the

system and originate from the lack of symmetry of 7* under
rotation of n in the transverse plane. Within the same ap-
proximation, the optical contributions T?f’o and 77, to the

torques acting on ¢, and 7y are given by
a*G(a)
64

0 O-P
6= Z,(1 - cos a) —

(O]

[36Z,+2(2 - 65)Z2]}

(2a)
0 _ E 2 2 2 2
T0==—(0"=6,")(w,—w))
o .

Z?a o?
Xy == - ——[36Z3 - 4(356-1)Z3] {sin 2, 2b
{ 16 1283[ 1 ( ) z]}sm Y (2b)

where o==1 depending on the polarization helicity, P is the
incident power, w is the optical frequency, 5=l—n(2)/nf (n,
and n, being the material extraordinary and ordinary refrac-
tive indices, respectively), a= ,86(2), with B=mnyOoL/2\, is the
small distortion expression for the phase difference accumu-
lated by the extraordinary and ordinary waves in traversing
the sample, and finally, G(a)=[jdu sin*(7u) sin[a(u
—sin 7u/2m)]. The quantities Z, and Z, in Egs. (2) come
from the average over the nonuniform transverse profiles of
the light-induced refractive index and of the light intensity,
viz. Z,=6,°I;' [ Pldxdy, Z,=6,'I;' [ ¢*ldxdy. The right-
hand side of Eq. (2a) may be identified as the expression for
the overall photon SAM (P/w)AS. and the right-hand side of
Eq. (2b) as the expression for the overall photon OAM
(P/w)AL, transferred to the sample in our approximation
(AS, and AL, refer to a single photon). Equations [2] clearly
show that the photon spin acts on the azimuthal angle ¢, of
n, whereas the photon OAM acts on the angle y of the 6
distribution, i.e., on the transverse gradients of n, thus con-
firming what was already obtained from more general prin-
ciples [18]. According to Eq. (2b), AL, is proportional to
sin 2y and vanishes for a circularly shaped (w,=w,) laser
beam. At stationary state, when the torques acting on ¢, and
v are added together, the internal torques ’Tf% and T‘; cancel
out, and the equation for the total angular momentum bal-
ance reduces to AL_+AS,=0, as expected. The ODEs of our
model were numerically solved for values of the material
constants of E7 at room temperature as reported in Ref. [12].

The near-threshold results of our model are compared to
our experimental findings in Fig. 1, where the phase differ-
ence « is plotted as a function of the incident laser power P.
Circles correspond to the near threshold stationary states ob-
served in the experiment. The transition from the undistorted
state to this stationary-state branch at the OFT power thresh-
old P, is second order. As said above, this experimental
result and the agreement with our model (full line, in Fig. 1)
are the proof that some amount of photon OAM is trans-
ferred so to balance the SAM deposited in the sample. It is
worth noting that our model allows one to explicitly calcu-
late the OAM and SAM transfer AL, and AS,. Under our
experimental conditions, the same model predicts that AS,
and AL, are both nonzero and balance exactly at the station-
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ary states reported in Fig. 1. When the power P is further
increased, at critical power P;=334+1 mW, a first-order
transition to a rotating regime is observed (the higher shad-
owed region in Fig. 1), also in agreement with our model.
The hysteresis loop shown in Fig. 1 is also fairly well repro-
duced. When the incident power is lowered to the value
P,=324+1 mW, in fact, the loop is closed and the system
jumps back to the lower branch. If, instead, the power is
increased, rotating states are observed (triangles in Fig. 1)
until, at very high incident power, chaotic rotating states
(squares in Fig. 1) are found as reported elsewhere [9]. Since
the transition at P; can be located much better than all the
other transitions, we scaled the OFT threshold power fore-
seen by our model to make the theoretical and experimental
values of P; coincide. Just setting this single parameter, the
observed OFT threshold power (3001 mW) was found
very close to the theoretical prediction (299.6 mW, corre-
sponding to a threshold intensity of 3.3 kW/cm? on the beam
axis). In the loop region, however, we observed some dis-
crepancies between theory and experiment. In our model, in
fact, a first transition took place to an oscillating regime at
P,_,,=320.8 mW (see inset in Fig. 1) and, at slightly higher
power P,_,,=321.3 mW, a second transition occurred to a
rotating regime via a gluing bifurcation similar to the one
observed in the case of elliptical polarization of the incident
beam [14]. In the experiment, we were not able to locate any
bifurcations from stationary to oscillating (s— o) and then
rotating states (0 — r) along the lowest distorted branch. Very
likely, because of the sensitivity limitations of our measure-
ment technique, we were led to regard all the states between
P,, and P, as stationary states (O in Fig. 1), but the existence
of such bifurcations cannot be excluded. Moreover, if the
power is increased over P;=386.3 mW, the model shows a
jump to a highly distorted stationary state, not observed on
experimental grounds. In the experiment, in fact, the rotating
branch was observed to continue until the onset of the inter-
mittent chaotic rotations ((J in Fig. 1) reported in Ref. [9], as
mentioned above. The experimental oscillation amplitudes
were not reported in Fig. 1), but they were found about 20%
larger than predicted by theory. In Fig. 2, the period of the
director azimuthal dynamics is reported as a function of the
incident power. The presence of relatively large error bars in
the figure is because the rotation period was fluctuating in
time. At present, we cannot say if the period fluctuations are
due to light-induced dynamic effects or to the presence of
external noise. The dashed and solid lines labeled a,b,c
were calculated from our model and correspond to the oscil-
lating, the lower rotating, and the higher rotating regimes,
respectively. The period divergence shown in Fig. 2 corre-
sponds to the gluing bifurcation at P=P,_,,. As said above,
we observed the second rotating regime only, where, never-
theless, the agreement with theory turned to be fairly satis-
factory, as shown in Fig. 2; although, some features predicted
by the model remained undetected by our apparatus. The
multiple stationary branches shown in Fig. 3(a) are an ex-
ample. Moreover, in the lowest stationary-state branch just
above the OFT threshold, a large out-of-plane reorientation is
expected, as shown in Fig. 3(b). The angle ¢, may reach
values as large as 45°, after which the system jumps to the
rotating state. At the same time, the stationary-state values of
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FIG. 2. The period of the director azimuthal dynamics as a
function of the incident power P. The points with error bars refer to
experiment and the lines to theory: (a) dashed line; oscillating
branch; (b) continuous gray line, lower rotating branch; (c) continu-
ous black line, higher rotating branch. Our data refer only to the last
branch.

¢, and 7y remain quite small (Figs. 3(c) and 3(d)). As a
matter of fact, our apparatus was not designed to measure the
transverse 6 profile and, hence, the angle vy. Besides, evalu-
ating ¢, along the near threshold phase-locked stationary
branch turned out to be problematic as well. In fact, when the
molecular director n is nearly aligned along the axis of the
probe beam, the phase change is small and the measurement
of the orientation of the optical axis is affected by a large
noise. At present, a more efficient experimental apparatus is
under study to perform an accurate measurement of ¢,, on
one hand, and to obtain information about the shape of the 6
distribution, on the other hand. The model itself should be
considered as preliminary and could be improved in many
respects. First of all, the coupling between the ordinary and
the extraordinary waves due to the torsion ¢, [19], neglected
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FIG. 3. (Color online) Dynamical features predicted by the the-
oretical model. The shadowed region refer to the variation ampli-
tude of the dynamical variables in the time-varying regime.
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in the present work because not relevant to the OAM issue,
could be taken into account at least in the first perturbative
approximation as already done in Ref. [12]. Moreover, our
model was unable to predict the on-off intermittent rotational
regime placed along the continuation of the higher rotating
branch reported in Ref. [9], although it takes into account
nonlocal effects due to the finite beam size and some experi-
ments showed the appearance of chaotic regimes when a
circularly polarized beam is used having a finite circular
cross section [6]. Maybe the chaotic fatures could be recov-
ered by introducing higher-order spatial modes in the expan-
sion of # and ¢ as made, for example, in Ref. [5].

In conclusion, we presented model and experiment to
describe the simultaneous transfer of photon spin and orbital
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angular momenta to an NLC film. Although preliminary, our
model grasps the essential physics in the near-threshold re-
gion and, in particular, the existence of stationary distorted
states where the light spin and orbital angular momentum
deposited in the sample balance each other. Oscillating as
well as rotating regimes are foreseen by our model, but only
the latter were observed in the experiment. The on-off inter-
mittent rotation reported in Ref. [9] was not reproduced by
the model, although these regimes lay along the continuation
of the calculated rotation branch in Fig. 1. Significative im-
provements of both model and experiment are in progress.
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